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Abstract 



An episode of Stargate SG-1 features a two-body mind-switching 
machine which will not work more than once on the same pair of 
bodies. The plot centers around two disjoint pairs of individuals who 
swap minds but subsequently wish they could reverse the process. 
Writer Tor Valenza ends the drama with a day-saving sequence of 
four mind swaps that returns everyone back to normal. This paper 
considers the more general situation where an arbitrary number of 
disjoint pairs swap minds. We call the result of this mass swapping 
"the Stargate switch". Using group theory, we present an optimal 
algorithm for restoring all minds to their original bodies. We also 
prove a related result for a generalization of the Stargate switch. 

1 Introduction 

"Holiday" [3], a 1999 episode of the long-running sci-fi television series Star- 
gate SG-1 [7j, features a two-body mind- switching machine. Any pair can 
use the machine to swap minds, but there is a limitation: the machine will 
not work more than once on the same pair of bodies. (This is the same lim- 
itation suffered by the mind- switching machine in Futurama's 2010 episode 
"The Prisoner of Benda" 0, [TD].) 

In "Holiday" , a crisis is created when Ma'chello tricks Daniel into swap- 
ping minds with him. In an attempt to help their colleague, Jack and Teal'c 
then blunder into swapping themselves, and they are chagrined to discover 
that the machine will not allow them to switch right back. Physicist Saman- 
tha Carter resolves the crisis by improvising a sequence of 4 switches that 
brings everyone back to normal. 

A sequence of switches involving n bodies can be modeled in terms of 
group theory. Represent the set of bodies by {1,2, ... ,n}. The symmetric 
group S n consists of the n! permutations of {1,2, ... ,n}. Let / denote the 
identity permutation. A 2-cycle (ab) is called a transposition; it represents 
the permutation which switches the minds of bodies a and b. The fc-cycle 
(ai . . . Ofc) is the permutation which sends ai's mind to a<i, a^s mind to 03, ... , 
and afc's mind to a±. Following the convention in [Tj, we compute products 
(i.e., compositions) in S n from right to left. For example, (123) = (12) (23) = 
(13)(12) = (23)(13). We will make use of the well-known "Parity theorem" 
[H pp. 82, 149], |9J which shows that the identity permutation I cannot equal 
a product of an odd number of transpositions. 
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The initial sequence of two mind swaps in "Holiday" can be represented 
by the product (12) (34), where the entries 1,2,3,4 stand for Teal'c, Jack, 
Ma'chello, and Daniel, respectively. This paper considers the more general 
sequence of m swaps represented by 

P = P(m) = (12)(34)---(2m- 1,2m), m > 1. (1) 

We call P the Stargate switch, and we view it both formally as a product 
of transpositions factors, and as a permutation. In the sequel, transposition 
factors will be simply called "factors" . 

To restore all minds to their original bodies, we must produce a product 
a of distinct transpositions, none equaling a factor of P, such that the per- 
mutation aP equals /. (The combined set of factors of a and P must be 
distinct, due to the limitation of the machine.) Such a a is said to undo P. 
Note that aP = I if and only if the permutations a and P are equal, since 
P = P~\ 

The sequence of four switches that brings everyone back to normal in 
"Holiday" corresponds to the product cr = (24) (13) (23) (14); indeed, the 
equality 

a = (24)(13)(23)(14) = (12)(34) = P(2) 

shows that cr undoes -P(2). We note that a is optimal in the sense that P(2) 
cannot be undone by a product of fewer than 4 transpositions. More gener- 
ally, if k < 4 and T is a product of k (not necessarily distinct) transpositions 
none equaling a factor of P(2), then T ^ P(2). Otherwise, by the Parity the- 
orem, we would have an equality of the form (12) (34) = T = (ab)(cd), which 
is clearly impossible when the left and right sides have no common factor. 

Theorem 3, our main result, presents a product a which undoes P(m) 
with a best possible N(m) factors, where N(m) is defined in (TTT1) . The 
special case m = 2 is the one considered in "Holiday" . We remark that the 
method in 0, Theorem 1] serves to undo P(m) via a product A of 3m + 2 
factors. Since 3m + 2 > N(m) when m > 1, this A is optimal only for m = 1; 
that's not surprising, since [2, Theorem 1] was just designed to optimally 
undo general permutations effected by unknown sequences of transpositions. 
In [21 Section 4] there are analogues of Theorem 3 for certain products Pi 
and P2 having the property that no two consecutive transposition factors are 
disjoint. These products are in stark contrast to P(m), which is a product 
of m disjoint transpositions. 



2 



Theorem 1 deals with products Q(r, s) of the form 

Q{r, s) = E r F s , r > 0, s > 1, s ^ 2, (2) 

where E r is a product of r disjoint transpositions and F s is an s-cycle disjoint 
from E r . We call Q(r, s) an expanded Stargate switch, noting that by ([[]) and 
02]), the Stargate switch P{m) equals Q(m, 1) for an appropriate choice of 
entries. 

If an s-cycle is expressed as a product T of t transpositions, then t > s — 1; 
moreover, if equality holds, then T and the s-cycle possess the same set of 
entries. This is proved via graph theory in [21 Lemma 1]; for other proofs 
and generalizations, see j5j p. 77], [6], [8]. Theorem 1 extends this result 
by replacing the s-cycle by the more general permutation Q(r,s). The case 
s = 1 of Theorem 1 plays a central role in the proof of Theorem 3, and it 
moreover shows that for m > 1, any optimal a which undoes P(jn) has the 
same set of entries as P(m). As an interesting sidelight, the special case 
r = 1, s = 7 of Theorem 1 solves an optimality problem posed in 2010 in a 
video [U 4:20ff.] created by University of Cambridge mathematician James 
Grime. 



2 The expanded Stargate switch 

Given r > 0, s > 1, s ^ 2, fix any choice of the product Q(r, s) = E r F s . Let 
A and B denote the set of entries in E r and F s , respectively. By definition, A 
and B are disjoint. In this section, the symbols a and b will always stand for 
elements of A and B, respectively. Let S(r, s, t) denote the set of all products 
T of t transpositions such that T and Q(r, s) have no common factor and 

Q(r,s)—T (as permutations). (3) 

(The fixed choice of Q(r,s) on which S(r,s,t) depends will be clear from 
the context.) An entry on the right side of (EJ) which does not occur on 
the left is called an outsider. For example, for Q(l,l) = (12), we have 
T := (17) (27) (17) G <S(1, 1, 3) and 7 is an outsider. When a is an entry in a 
factor of E r , we denote the other entry in that factor by a'. For a product 
a of transpositions, we let (Xjk be the product obtained from a by switching 
the entries j,k (if any) in a. Define 

V(r,.) = <: ■"' , '; riS ° dd (4) 

if r is even. 
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Theorem 1. For a fixed product Q(r,s) as in (TJjj, let T G S(r,s,t) with 
t < V(r, s). Then t = V(r,s), and either T has no outsiders or else T has 
the form 

T = p(cx)u(c' x)v(cx)r] , (5) 

where x is the unique outsider in T; (cd) is some factor of E r ; and p, uj, v , 
r\ are (possibly empty) subproducts of T none containing any of the entries 
c, d , x. 

Corollary 2. IfT satisfies the hypothesis of Theorem 1 andT has outsiders, 
then r is odd. 

We prove these two results after the following remarks. 

Remarks. For T G S(r, s, t), Theorem 1 shows that t = V(r, s) is the small- 
est possible number of factors in T. For example, for Q(3, 1) := (12) (34) (56), 
if T G 5(3, l,t), then t > V(3, 1) = 7. In other words, if the permutation 
(12) (34) (56) equals a product T of transpositions all different from (12), (34), 
and (56), then T has at least 7 factors. For an example with exactly 7 factors, 
see equation f fT4"j) . 

Except when r — s — 1, the hypothesis of Theorem 1 can be satisfied for 
a product T with distinct factors. When r = 0, this follows trivially from 

(12...s) = (12)(23)...(s-l,s). (6) 

If r > 2, it is a consequence of ([6]) and the factorization in equation ffTB"]) . 
Finally, when r = 1, s > 2, it follows from the factorization 

(uv)(12 ...s) = (ul) ■ (vs) ■ ■ ■ {v2){vl) ■ (us), 

where u = s + 1, v = s + 2. 

The hypothesis of Theorem 1 cannot be satisfied for T with distinct fac- 
tors when r = s = 1. Suppose otherwise. Then the transposition Q(l, 1) 
equals a product of V(l, 1) = 3 distinct factors, none equal to Q(l, 1). Con- 
sequently, the identity I can be expressed as a product of 4 distinct transpo- 
sitions. This is shown to be impossible in the proof of Theorem 3. 

Our remaining remarks pertain to products T satisfying the hypothesis 
of Theorem 1. An immediate consequence of Theorem 1 is that if the factors 
of T are distinct, then T has no outsiders. For Q(r, s) = Q(l, 3) = (12)(345), 
examples of T G 5(1, 3, 5) with factors that are not distinct are 

T = (27) (34) (17) (45) (27), T = (23) (13) (23) (34) (45). 
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Note that T has an outsider in the first instance, but not in the second. 
Similar examples show that T can have outsiders for any odd r. In contrast, 
T cannot have any outsiders when r is even, by Corollary 2. 

Proof of Theorem 1. Suppose that T satisfies the hypothesis of Theorem 
1. We first prove Theorem 1 in the case r = 0. The case r = 0, s = 1 is 
trivial. Let r = 0, s > 2. By hypothesis, the s-cycle F s = Q(0, s) equals the 
product T of t < V(0, s) — s — 1 transpositions. Thus, as noted at the end 
of Section 1, it follows from [2J Lemma 1] that equality holds and T has no 
outsiders. This completes the proof of Theorem 1 in the case r = 0. Now let 
r > 1 and assume as induction hypothesis that Theorem 1 is true when r is 
replaced by any r' such that < r' < r. 

We proceed to prove Theorem 1 under the assumption that T has a 
factor (ab) for some a G A, b G B. As (ab)(aa')F s is an (s + 2)-cycle, left- 
multiplication of ([3]) by (ab) yields an equality of permutations of the form 

Q(r - 1, s + 2) = E r ^F s+2 = (ab)T = (ab)a(ab)/3 = a ab (3 := T h (7) 

where a, (3 are (possibly empty) subproducts of T = a(ab)(3, and T\ is 
a product of t\ = t — 1 transpositions. Note that Q(r — 1, s + 2) has the 
same set of entries as Q(r, s). Since a, b do not occur as entries in E r _i, 
transposition factors in a ab are distinct from those in E r _i. Thus the products 
on the left and right sides of ([7]) have no factor in common. It follows that 
T\ G S(r — 1, s + 2,ti). Next observe that 

t 1 = t-l<V(r,s)-l<V(r-l,s + 2), (8) 

where the last inequality follows from OH). By induction on r, we have ti = 
V(r — 1, s + 2), and consequently t = V(r, s) by OH]). If the product Ti has 
no outsiders, then neither does T. Suppose that T\ has outsiders. Then by 
induction, T\ has the form 

Ti = p(cx)u (c' x)v[cx)t] , 

where p, u, z/, r\ are subproducts of Ti; x is the unique outsider in T%; (cc') 
is a factor of the product in ([7]); and the entries c', c, x occur in Ti 

exactly once, twice, thrice, respectively. As a, b do not occur as entries in 
E r -i, neither c nor c' lies in the set {a, b}. It thus follows from the definition 
of Ti in 07J that the entries c', c, x occur in T exactly once, twice, thrice, 
respectively, and T has the form given in (EJ). This completes the proof of 
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Theorem 1 in the case that T has a factor of the form (ab). We therefore 
assume from now on that T has no such factor. 

We next let s — 1 and proceed to prove Theorem 1 in this case. If T has a 
factor (cd) where (cd) and (dd 1 ) are two different factors of E r = Q(r, 1), then 
we can left-multiply fl3]) by (cd) and argue as in the preceding paragraph to 
deduce the conclusion of Theorem 1. Now assume that T has no such factor 
(cd). Then {(cjXj) : % — 1, . . . , 2r} is a subset of the set of factors of T, where 
the Xi are (not necessarily distinct) outsiders and the q are the 2r distinct 
entries in Q(r, 1). Suppose that r is even. Then since t < V(r, 1) = 2r, we 
must have an equality of the form 

Q(r, 1) = T = (c 2r x 2 r) ■ ■ ■ (c 2 x 2 )(cx), (9) 

where for brevity we write (cx) = (ciX\). By (Q, T maps x to c, contradicting 
the fact that Q(r, 1) fixes x. Thus r is odd. Since t < V(r, 1) = 2r + 1, 
the only possibility left is that t = 2r + 1 and holds with one extra 
transposition factor r inserted on its right side. The outsider x must be an 
entry in r, otherwise T would map x to c. At most one of the entries Cj 
in T can occur twice. Since T fixes x and interchanges c and c', it follows 
that T must have the form T = a(c'x)/3(cx)(c'a;) with r = (c'x), or T = 
a{cx)j3(c'x)^(cx) with r = (cx); here a, /3, 7 are subproducts of T none 
containing the entry x. If r = 1, then t = 3 and a, (3, 7 are empty, so 
Theorem 1 is proved in this case. Suppose for the purpose of contradiction 
that r > 1. Among all the factors in a, (3, 7, the rightmost has the form 
{cjy) for some outsider y ^ x and some Cj ^ {c, c'}. Since the entry Cj occurs 
in T only once, T maps y to Cj, a contradiction. The case s = 1 of Theorem 
1 is thus proved, so we now assume that s > 2. 

Let x represent an arbitrary entry outside of Q(r, s) = E r F s and let b 
represent an arbitrary entry in F s . The remainder of the proof is divided 
into two cases, the first where T has no factor of the form (bx), and the 
second where T has at least one such factor. 

Case 1. T has no factor of the form (bx). 

Recall that T also has no factor of the form (ab). Thus every factor of T 
with an entry in B has both entries in B. Such factors are disjoint from the 
others in T, so we can move them to the right, if necessary, to create a new 
product T G S(r,s,t) with the following property: T = TaTb, where Ta 
and T B are disjoint products of transpositions such that every factor of T B 
has both entries in B. By Q2), E T F S = T A T B . Thus F S T^ 1 = E~ l T A . The 
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products on the left and right sides are disjoint, so as permutations, E r = Ta 
and F s = T B . Let t A , t B denote the number of factors in Ta, T B , respectively. 
As T G S(r, s,t) and E r = Ta, it follows that Ta G S(r, 1,^)- The case 
s — 1 of Theorem 1 has been proved, so we can apply Theorem 1 to Ta to 
deduce that > V(r, 1). Since an s-cycle cannot be expressed as a product 
of fewer than s — 1 transpositions, we have t B > s — 1. Consequently, 

V(r, s)>t = t A + t B > V(r, 1) + s - 1 = V(r, s). (10) 

By (HUD, 

t = V(r,s), t A = V(r,l), t B = s-l. 

We know that B is the set of entries in T B , so if A is the set of entries in 
Ta, then To and T have no outsiders. Finally, suppose that Ta has an entry 
x ^ A. Applying Theorem 1 once again to Ta, we see that Ta has the form 

Ta = p(cx)u(c'x)i , (cx)rj, 

where x is the unique entry in Ta that is not in A; (cc') is some factor of E r ; 
and p, u, v, r\ are subproducts of Ta none containing any of the entries c, c', 
x. Therefore T = TaT b has the same form. This form remains unchanged 
if factors of T B are shifted leftward in the product T to recover T. Thus T 
has the form given in ([5]). This completes the proof of Theorem 1 in Case 1. 

Case 2. T has a factor of the form (bx). 

Let S*(r, s, t) be the set of T in S(r, s, t) which have a factor of the form 
(bx). Thus S*(r, s,t) is nonempty. Similarly, corresponding to a product 
Q{r, w) = E r F w , let S*{r, w, u) denote the set of those U in S{r, w, u) which 
have a factor of the form (dy), where d is an entry in F w and y is not an 
entry in Q{r, w). Let Y(r,s) denote the union of all possible sets S*{r,w,u) 
for which u < V(r, s) and w > s. Note that Y(r, s) is nonempty because it 
contains S*(r, s, t). Choose U in Y(r, s) with u factors, where u is minimal. 
By definition of Y{r, s), U lies in some S*{r, w, u) with w > s and u < V(r, s). 
We have a corresponding equality of the form 

Q(r,w) = U = a(dy)f3, 

where a, (3 are subproducts of U . Right-multiply by (dy) to obtain 

Q(r,w + 1) = E r F w+ i = a(dy)(3(dy) = a(3 dy := U u 
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where U\ lies in S{r, w + 1, u — 1). However, U% cannot lie in S*(r, w + 1, u — 1), 
otherwise U\ G Y(r, s), contradicting the minimality of u. Thus U\ has no 
factor of the form (ez) where e is an entry in F w+ \ and z is not an entry in 
Q(r, w + 1). Since Theorem 1 has been proved in Case 1, we can apply it to 
U\ to deduce that u — 1 > V(r, w + 1). Consequently, 

V(r, w + l) + l<u< V(r, s) < V(r, w), 

a contradiction. This shows that Case 2 cannot occur, so the proof of Theo- 
rem 1 is now complete. □ 

Proof of Corollary 2. Suppose that T satisfies the hypothesis of Theorem 
1. Then t = V(r, s). Suppose that T has outsiders. Then by [21 Lemma 1], 
r > 0. By ([5]), we have an equality of the form 

Q(r, s) — T — a(cx)/3(cx)7 = af3 cx ^ := T x , 

where a, (3, 7 are subproducts of T, and where (3 CX has the factor (cc') but T\ 
and Q(r, s) have no other factor in common. Left-multiply by (cc') to obtain 
an equality of the form 

Q(r - 1, s) = (cc')Ti = (cc')fi(cc')5 = fi cc >5 := T 2 , 

where fi,5 are subproducts of T x . Since T 2 G <S(r — l,s,t — 3), Theorem 1 
implies that t — 3 > V{r — 1, s). Thus V(r, s) — 3 > V(r — 1, s). It follows 
by (jID that r must be odd. □ 

3 An optimal algorithm for undoing the Stargate switch P(m) 

Define 

{5, if m = 1 

2m + 1, if m is odd > 1 (11) 
2m, if m is even. 

Theorem 3. For each m > 1, the Stargate switch 

P = P{m) = (12)(34) ■ • ■ (2m - 1, 2m) 

can be undone by a product a of N(m) distinct transpositions, and this result 
is best possible in the sense that P(m) cannot be undone by a product of fewer 
than N(m) distinct transpositions. Optimal products a are given in equations 
(GIP, ( E2P for m = 1, m > 1, respectively. 
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Proof. 

Case 1. m = 1. 

Here P = (12). Obviously P cannot be undone using only the entries 1 
and 2, so we enlist the aid of two outsiders 3 and 4. Choose 

(7 = (24) (13) (23) (14) (34). (12) 

Note that a is a product of N(l) = 5 distinct transpositions and a clearly un- 
does P. To prove optimality, it suffices to show that the identity / cannot be 
expressed as a product of fewer than 6 distinct transpositions. By the Parity 
theorem, / cannot equal a product of an odd number of transpositions, so it 
suffices to show that / cannot equal a product of 4 distinct transpositions. 

Assume for the purpose of contradiction that / = WXYZ, where W, X, 
Y, Z are distinct transpositions. Then the product WXYZ has 4 distinct 
entries a, b, c, d, each occurring twice; for if some entry occurred only once, 
then WXYZ could not fix it. Suppose first that X and W are not disjoint, 
so that say W = (ab) and X = (ac). Then YZ = (abc), which is impossible 
because the entry a occurs once in W and once in X, so a cannot occur in 
either Y or Z. Thus X and W must be disjoint. Since WX = ZY, it follows 
that Z and Y are disjoint. Then either W = Y or W = Z, contradicting the 
fact that W is distinct from Y and Z. 

Case 2. m > 1. 

Outsiders won't be needed to undo P in this case. With j — 4i, choose 



(m-l)/2 

r II (j,j + 2)(j-l,j + l)(j,j + l)(j-l,j + 2) if2fm 

m/2 

[I (j - 2,j)(j - 3, j - l)(j - 2, j - l)(j - 3, j) if 2 | m, 



(13) 



where 



t= (13)(16)(45)(46)(35)(25)(15). (14) 

(The empty product for m = 3 is interpreted as /.) Note that a is a product 
of N(m) distinct transpositions and a undoes P. It remains to prove that a 
is optimal. The following stronger assertion is true: if m > 2, k < N(m), and 
T is a product of k (not necessarily distinct) transpositions none equaling a 
factor of P, then T ^ P. This assertion follows immediately from Theorem 
1 with r = m, s = 1, since for m > 2, V(m, 1) = N{m) and Q(m, 1) = 
P(m). □ 
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